ABSTRACT
A time-accurate solution method for the coupled potential flow and integral boundary-layer equations is used to study aerofoils near stall, where laboratory experiments have shown high-amplitude lowfrequency oscillations. The laminar-turbulent transition model incorporates an absolute instability formulation, which allows the transition process in separation bubbles to be sustained in the absence of upstream disturbances, in agreement with recent direct numerical simulations. The method is demonstrated to capture large scale flow oscillations with Strouhal numbers and amplitudes comparable to experiments. The success of this particular physical model suggests that bubble bursting is primarily due to a potentialflow/boundary-layer interaction effect, in which relatively simple models of boundary layer transition and turbulence suffice to describe the key phenomena. 1 alternate shape parameter (δ-δ * )/θ maximum lift of an LRN-1007 aerofoil at low Reynolds numbers 1 . 5 × 10 5 < Re <3 . 0 × 10 5 . The oscillations were not connected to wake vortex shedding, which was observed to occur at higher St~0 . 2, nor were any extraneous influences such as structural vibrations to blame, and similar results were observed for two different aerofoil models. As pointed out by Zaman et al, the occurrence of such oscillations is of practical importance, being probably connected to the aeroelastic phenomenon of stall flutter. Follow up experimental work by Bragg et al (19) extended the results of Zaman for the same aerofoil up to Re = 1⋅3 × 10 6 , showing that this was not just a very low Reynolds number phenomenon. Broeren and Bragg (20) identified the laminar separation bubble as a key aspect of the phenomenon and mapped out the location of boundary layer separation and reattachment points during the oscillation. This showed distinct phases of the oscillation, one involving bubble growth, one involving fully stalled flow and another with a rearwards-moving turbulent separation point. They also demonstrated experimentally that the low frequency oscillation is fundamentally a two-dimensional mode and non-hysteretic in character. This is in contrast with the leading-edge stall found on the NACA2414 aerofoil, for which hysteresis and a three-dimensional 'stall-cell' structure was observed. A further demonstration of the phenomenon is contained in the work of Rinoie and Takemura (21) for the NACA0012 aerofoil at Re = 130,000. This investigation included flow visualisations and phase-averaged velocity measurements, demonstrating the fundamental differences between the time averaged flow structure and the periodic bursting cycle, in which the flow was observed to alternate between a short leading edge bubble and fully stalled flow.
NOMENCLATURE
In this paper we shall attempt to demonstrate that unsteady bubble bursting and the phenomenon of low-frequency oscillations on aerofoils are predictable by relatively simple methods, albeit methods that include realistic depictions of laminar and turbulent boundary layer flow, including moderately separated flow regions and laminar-turbulent transition. The deliberate simplicity of the model will help to identify which of the many fluid-dynamical features potentially active in separation bubbles are relevant to bubble bursting and the low-frequency mode observed in experiments.
COMPUTATIONAL MODEL
The level of modelling employed in the present work is the same as that employed in the popular aerofoil analysis and design tool XFOIL (22) , modelling aspects of which are described in the paper by Drela and Giles (11) . A panel method is coupled with a solution of the integral boundary layer equations, including models for laminar and turbulent flow and including a transition model. In the present work 
INTRODUCTION
Separation bubbles are important due to the controlling influence that they can have on the overall performance of aerofoils. Leading edge separation bubbles do not greatly influence the pressure distribution but effectively fix the location of transition to turbulence. Additionally, short bubbles may undergo a bursting process which fixes the maximum lift that can be generated by an aerofoil. Since the early observations of Jones (1) , much work has been done to study transitional separation bubbles in the laboratory and more recently by direct numerical simulation, with a result that much of the flow physics has been identified, if not yet fully incorporated into prediction methods. Particularly noteworthy in the context of the present journal issue is the contribution from Queen Mary, University of London, including the pioneering experiments covered in the PhD theses of McGregor (2) , Gaster (3) , Horton (4) , Woodward (5) and the more recent direct numerical simulations (DNS) of Alam (6) . Some of the early work was reviewed by Young and Horton (7) . Figure 1 shows a schematic from Horton (4) , which illustrates the main features of a transitional separation bubble. After laminar boundary layer separation a highly unstable detached shear layer forms and transition to turbulence takes place in the detached shear layer. The enhanced momentum transport in the turbulent flow usually enables reattachment and a turbulent boundary layer develops downstream. In the time-averaged picture there is a 'deadair' region under the detached shear layer immediately after separation and a strong recirculation zone near the rear of the bubble.
Semi-empirical models (see e.g. Horton (8) , Roberts (9) , Weibust (10) ) and integral boundary-layer computational methods (Drela and Giles (11) ) do a good job of collapsing data from laboratory experiments and enable predictions of bubble behaviour up to bursting. In these models the bubble is split into two parts: the transitional part from laminar separation up to transition and the turbulent part from transition to reattachment. Rist and co-workers (12, 13) have made extensive investigations of transition in separation bubbles, while Alam and Sandham (14) and Spalart and Strelets (15) carried out the first direct numerical simulations of the turbulent re-attachment and downstream recovery after transition. Some aspects of the transition process are becoming clearer. Time-averaged bubble velocity profiles are locally convectively unstable if the amount of reverse flow is small, but become absolutely unstable for reverse-flow levels greater than 15-20% of the local free stream velocity. There is also a possibility of vortex shedding from bubbles, as seen in the twodimensional simulations of Pauley et al (16) . Bursting itself is less well understood, although Gaster (17) speculated a mechanism whereby the bubble as a whole becomes unstable: above a certain critical condition, a small increase in bubble length changes the potential flow such that the bubble lengthens, reinforcing the perturbation and leading to instability. This observation is directly relevant to the current study since it suggests that a model based only on unsteady boundary layer displacement coupled to the potential flow should be able to predict the phenomenon.
Large-amplitude low-frequency oscillations during stall were originally commented on by Jones (1) and interest in this aspect of stall was revived by the work of Zaman et al (18) , whose experimental work documented a phenomenon of flow oscillations with Strouhal number (defined as St = fcSinα / U ∞ ) St ~0⋅02, occurring near the We denote the original model (see Appendix A.2, with U n = 0⋅3 U e ) as the convective instability (CI) model and the new model Equation (6) as the absolute instability (AI) model. The effects on separation bubbles will be studied in Section 3.1. The AI model ensures that bubbles with a strong enough recirculation (corresponding to a high shape factor) will always undergo transition to turbulence, regardless of the level of upstream turbulence.
Potential flow, wake model and overall solution methodology
The potential flow is solved using a constant strength source/doublet panel method (see e.g. Katz and Plotkin (25) ) with Dirichlet boundary conditions for the velocity potential φ. The unsteady wake is modelled with an auxiliary vortex located half a chord downstream of the aerofoil trailing edge (Fig. 2) . The time evolution of the auxiliary wake vortex circulation is computed from For steady flow the second term on the right hand side ensures that the circulation of the auxiliary vortex will decay to zero and the potential flow will reduce to the usual steady flow solution. However, as the aerofoil circulation Γ changes, the auxiliary vortex will be activated. The constants k = 0⋅5 and the location of the auxiliary vortex were chosen with reference to test calculations for the starting vortex problem (26) . Solution variables U e δ * , H, n and E are stored at grid points j, the first and last of which are at the trailing edge of the aerofoil. The grid points correspond to the panel end points. The boundary layer displacement effect is modelled with additional sources, with strength given by Equation (2), which is differentiated centrally. The output of the panel method is a velocity potential φ at each panel centre j + ½, which is again differentiated centrally to give velocity U e at the original grid points j. The trailing-edge velocity is found by averaging the upper and lower surface values from the points nearest to the trailing edge. The final part of the solution vector is the circulation of the auxiliary vortex Γ w .
The panel method is only of first order overall accuracy so there is probably little to be gained from higher order spatial schemes in evaluating the derivatives in Equations (1) and (3) (4) . We choose therefore a simple first order upwind scheme, with biasing in the direction of the oncoming U e . Spatial discretisation then leads to a system of ordinary differential equations for the solution vector at each grid point, which is advanced in time using a second order Runge-Kutta method with a fixed time step. A numerical limiter has been applied to the rate of change of shape factor by restricting which is useful in keeping the solution bounded during rapid transients.
the method is extended to unsteady flow and to allow for transition via an absolute instability mechanism. All models and all calculations are given in dimensionless form using aerofoil chord and free stream properties as reference quantities. Incompressible flow is assumed.
Boundary-layer model
The basis for the model is the unsteady momentum integral equation which relates boundary-layer displacement and momentum thicknesses δ * and θ to the local free stream velocity U e and shear stress τ w variations along the aerofoil surface co-ordinate s. This equation appears already in full unsteady form in e.g. Rosenhead (23) , but has usually been applied only to steady flow. To this we need to add an interaction condition, giving the surface transpiration velocity v s in an equivalent potential flow with no boundary layer It should be noted that the time-dependent variable in Equation (1) can be inserted directly into Equation (2) for the transpiration velocity. The potential flow can then be solved using surface transpiration as a boundary condition.
Closure of the governing Equation (1) is obtained via models for the shape factor H = δ * /θ, amplification factor n and entrainment E, which are formulated as transport equations
Here U H U N and U E are convection velocities and the right hand side terms B H B n and B E require modelling. The entrainment equation is only needed when the flow is turbulent, which occurs when n exceeds a critical value n crit . The remaining shear stress term in Equation (1) is determined explicitly in terms of H and E.
Models are required for laminar and turbulent boundary layers and for the growth of amplification factor n due to boundary-layer instabilities. Generally, well-known models have been chosen (see Appendix A for details). Where an appropriate model is not directly applicable in the desired numerical framework, as is the case for the laminar boundary layer, the new model has been tuned to match the characteristics of a well-known model. The main novelty relates to the transition modelling, which needs to be updated to take into account recent findings. Direct numerical simulations by Jones et al (24) have been carried out for a NACA0012 aerofoil at α = 5°. Initially the simulations were forced, but it was observed that when the upstream disturbances were removed, the transition to turbulence was sustained. The mechanism for this phenomenon was found to be an absolute instability of the vortex shedding, in which braid-region disturbances were amplified before being convected upstream. This effect of self-sustained transition, which is not included in the Drela and Giles (11) transition scheme, may be modelled by changing the sign of U n as the shape factor (which is assumed to be related to strength of backflow) increases. A suitable model form is given by U n = U e (0⋅1 + 0⋅2Tanh (7-H) )
. . . . . . (8) . . . (7) linear increase of bubble transition length with n crit and eventually the bubble occupies the whole aerofoil. This is unphysical, as compared with the direct numerical simulations of Jones et al (24) . The AI model variant behaves the same as the CI variant for low values of n crit , corresponding to high levels of free stream turbulence, but tends to a constant transition length as the turbulence level is reduced to zero.
When the time history of lift coefficient for Case 2 is plotted (see Fig. 5 ), a low amplitude variation is observed (with C L, RMS = 0⋅04). The frequency corresponds to St~0.2 and is comparable to the vortex shedding seen behind the separation bubble in the DNS. The corresponding C p distributions shown on Fig. 5(b) have undulations that convect over the upper surface of the aerofoil. Such shedding has also been seen in calculations of aerofoils using a Reynoldsaveraged formulation (28) . This low amplitude shedding is not central to the present paper, but it is interesting that it appears in the current calculations with no more than an integral boundary layer model. This suggests that the shedding mechanism may be primarily a viscous-inviscid interaction effect. In the present model the KelvinHelmholtz instability, to which shedding is commonly attributed (16, 28) , is implicit within the transition model, whereas the shedding seems to develop from the rear of the bubble where the flow is treated as turbulent.
Numerical resolution was tested for the NACA aerofoils. At α = 10°for the NACA2414 halving the number of panels from 120 to 80 changed the lift coefficient from 1⋅130 to 1⋅136, while for the NACA0012 at changing the number of panels from 120 to 80 changed the lift coefficient from 0⋅819 to 0⋅826. From this and other checks we estimate that errors in the lift coefficient due to truncation errors are of the order of 1-2%.
Mean and root-mean-square lift coefficient
The variation with incidence of lift coefficient C L (circles) and rootmean-square lift coefficient C L, RMS (triangles) are shown on Fig. 6(a-c) for Cases 3-5 respectively. Case 3 corresponds to the Rinoie and Takemura (21) configuration. They observed a short separation bubble at α = 10°, but low-frequency oscillations at α = 11⋅5°. The current simulations are in broad agreement. C L (which wasn't reported in the experiments) reaches a maximum for α = 10°and then reduces rapidly. Oscillations appear first at α = 10⋅75°and continue to α = Table 1 lists the five aerofoils selected for study, all of which exhibit transitional separation bubbles during some part of the incidence range from zero to stall. Case 1 is for validation of the pressure distribution for an aerofoil with a short mid-chord separation bubble. Case 2, which has a large separation bubble, is used for a study of the transition modelling. Cases 3 and 4 have experimentallydocumented low-frequency oscillations. By contrast, Case 5 is known to have a sudden leading edge stall.
RESULTS
Unless otherwise stated we take the critical value of the amplification factor to be n crit = 9 and U H = U E = 0⋅3U e . The calculations are started in each case from zero flow and the freestream velocity is ramped up rapidly to U ∞ = 1 . The calculations are then run for at least 20 time units to allow transient effects to disappear before accumulating statistical data. For the NACA aerofoils, the final coefficient in the thickness polynomial (27) was modified to give an identically zero trailing edge thickness. Sensitivity of the results to the number of panels used will be discussed later.
Pre-stall calculations
The LNV109A aerofoil is used as a basic test case for a separation bubble on an aerofoil. The computed pressure distribution at C L = 1⋅234 is compared on Fig. 3 with results from XFOIL The location of the bubble and the pressure inside the bubble are correctly captured, also with reference to the available experimental data (11) . Case 2, with incidence set to α = 5°, is used to study the effect of the CI and AI variants of the transition model. Figure 4 shows the Reynolds number based on the transition length (i.e. the distance along the aerofoil surface from separation to transition) as a function of n crit , where high values of n crit correspond to low levels of free stream turbulence. When the original CI model (11) is used there is a 398 THE AERONAUTICAL JOURNAL JULY 2008 11⋅75°, by which time C L has reduced to half its maximum value. The maximum C L, RMS is 0⋅18, which corresponds to severe oscillations. Other features of this case are typical for the thin-aerofoil type of stall. The separation bubble is susceptible to shedding at low incidences (i.e. 0°< α < 2°), but becomes steady as the bubble length reduces and the bubble itself moves towards the leading edge. The lift slope is seen to reduce as the incidence increases, which is typical of aerofoils with separation bubbles. At α = 10°the computed bubble length is 0⋅097, which is comparable to the experimental value of 0⋅091. Reducing the number of panels from 120 to 80 at α = 11°changed C L from 0⋅747 to 0⋅736 and C L, RMS from 0⋅18 to 0⋅22. A similar picture is obtained for the E374 aerofoil, shown on Fig.  6(b) . The lift slope shows a marked change at α = 10°when the separation bubble forms. At α = 10°, just before the start of low frequency oscillations, C L is 1⋅03, compared to the experimental value of 1⋅09 (20) . Compared to the experiment the range of incidence over which oscillations in lift are observed is similar (12⋅5°≤ α ≤ 14⋅5°in model, compared to 12°≤ α ≤ 14°in the experiment) and the C L, RMS values are similar (0⋅24 in the computations compared with 0⋅16 in the experiments).
For the NACA2414 aerofoil (Fig. 6(c) ) the model predicts a change in lift slope at α = 5°(compared to α = 4°in the experiment), 
Nature of the flow oscillations near stall
In this section we consider in more detail the nature of the flow oscillations seen near stall. Figure 7 shows a plot of the developed oscillation in the lift coefficient for the NACA0012 aerofoil at α = 11°and the E374 aerofoil at α = 13°. For both cases the lift coefficient shows a regular oscillation in time. Near the peak of lift coefficient there is some evidence of vortex shedding, but the variations due to shedding are an order of magnitude less than the peak-to-peak amplitude of the low-frequency oscillation The period 14⋅8 seen for the NACA0012 corresponds to St = 0⋅0129, while the period 8⋅6 for the E374 corresponds to St = 0⋅0262. The weak variation of St with incidence is shown on Fig. 8 . For the NACA0012 a value of St = 0⋅0091 can be deduced from the experiments (21) . Both experiment and simulation for the NACA0012 show values of St that are even lower than the 0⋅017 to 0⋅03 range observed previously (19) . This suggests that the shape of the aerofoil plays a dominant role, since Bragg et al (19) showed that the variation with of St with Re was small, over the range of Re for which the low frequency oscillation occurs.
The structure of the burst cycle can be studied by plotting flow properties at various points in the cycle. We identify a phase φ = 0°w ith the maximum lift coefficient. Figure 9 shows C p , δ * and H at four phases (φ = 0°, 90°, 180° and 270°) during the cycle. At φ = 0°t he flow has just become separated over the whole of the upper surface. As φ increases the pressure coefficient flattens out, the displacement thickness grows and by φ = 90°the flow is fully stalled. This process has however reduced the adverse pressure gradient in the leading edge region, with the result that the flow can reattach to form a separation bubble. At φ = 180°we see that we have a leading edge separation bubble with attached flow after the bubble up to approximately x = 0⋅4. The bubble cannot hold itself in this position however, and as the pressure minimum grows the reattachment point moves rearwards due to the increasing adverse pressure gradient. This process can be seen by comparing φ = 180°w ith φ = 270°. Eventually the entire flow is once again separated and the cycle repeats. Figure 10 compares the model data with experimental measurements of Broeren & Bragg (20) for the turbulent reattachment (after a separation bubble) and the turbulent separation that occurs further with a maximum C L = 1⋅27 (compared to C L = 1⋅25 in the experiment). The only discrepancy for this case appears to be the hysteresis loop, which spreads over a range of 3° in the experiment but only 1° in the model (too small to be shown on Fig. 6(c) , but clearly visible when comparing data from calculations with increasing versus decreasing incidence). For this case stall cells were observed experimentally, which may be active in preventing the flow from reattaching as the incidence is reduced from a stalled configuration and leading to a larger hysteresis loop. The main purpose in presenting this case, however, is to demonstrate that for some aerofoils the model predicts no oscillations during stall, confirming that the low-frequency oscillations are not a general result of the modelling strategy, but are driven by the relevant flow phenomena. The aerofoil geometry is crucial is determining whether there will be a low frequency oscillation during stall.
One final point to note is the general robustness of the model for angles beyond the stall. Even though one should not expect the data to be meaningful (the boundary-layer assumption having long since been violated) it is still possible to get what are apparently quite sensible results, a feature that may well make this modelling approach useful for application to dynamic stall. 
DISCUSSION AND CONCLUSION
The principal result of this paper is that the quite elaborate timedependent formation, growth and reformation of the separation bubble during a bursting cycle near stall can be predicted with an extension of standard viscous-inviscid interaction methods to unsteady flow. In particular this supports the conjecture of Gaster (17) that bubble bursting occurs when there is a runaway effect involving the bubble displacement interacting with the potential flow. Details of transition and turbulence are contained within relatively simple models, which nevertheless appear to contain sufficient of the relevant flow physics (for example response of transition and reattachment points to a time-varying local pressure gradient) to model separation bubble phenomena. Detailed results from the model are in good agreement with published data, including the range of angles of incidence over which the high amplitude, lowfrequency motions are found, and the related Strouhal numbers.
In developing the unsteady model a number of steps have been taken which may be useful in other contexts:
A transport equation formulation has been proposed in Equations
(1) and (3) (4) (5) . For steady flow this reduces to standard forms for the transition and turbulence models, but for unsteady flow it allows laminar and turbulent flow zones to convect downstream and means that the important effects of flow history are included. In particular, because the amplification factor is treated in this way it is possible for boundary layers to relaminarise if there is no longer a strong local growth of disturbances. The need for such an extension of the approximate envelope method to unsteady flow was recently highlighted by Radespiel et al (28) and it should be relatively straightforward to couple the present model with a Reynolds-averaged code. 2. The detailed transition model has been revised, via Equation (7), to include the possibility that transition is self-sustained i.e. that transition will take place even if there are no upstream disturbances. The standard method precludes this, but evidence from direct simulations (24) is that this sort of transition via an absolute instability in a separation bubble can occur on aerofoils.
Aspects of the modelling can no doubt be improved. The panel method and transport equations can be extended to higher order and coefficients in the laminar and transition models can be better tuned to aerofoil flow. Also the low Reynolds number performance of the turbulence model can probably be improved; typically the model Figure 10 . Variation of transition, reattachment and turbulent separation locations with phase during a bursting cycle, superimposed with experimental data from Broeren and Bragg (20) for E374 at α = 13°.
while for Re θ ≥ 10 a we have with subsidiary functions given by
The method was devised to match Falkner-Skan (i.e. equilibrium) boundary layer stability characteristics. It should be noted that boundary layers computed according to the present laminar boundary model will not correspond exactly to equivalent equilibrium flows. However, in the absence of a comparable e n method calibrated to aerofoil boundary layers, we will use the method given by Equations (4, 6 and A.5-A.10) above.
A.3 TURBULENT FLOW
For turbulent flow we choose the Green et al (30) lag-entrainment model. In the present implementation the method involves the solution of transport equations for the shape factor H and the entrainment factor E. In the notation from Section 2.1 we have where C f = τ w /(½ρU 2 e ) is the skin friction coefficient and Λ is a pressure gradient parameter defined by 
A.1 LAMINAR BOUNDARY LAYER
An unsteady laminar boundary layer is modelled as a return-toequilibrium flow, in which spatially non-uniform velocity gradients drag the boundary layer from one equilibrium state towards another. A complete method is constructed based on Equation (3) with where Re θ = U e θ/υ is the local momentum-thickness Reynolds number and H eq is given in terms of the usual pressure gradient parameter as Coefficients in Equation (A.3) have been determined such that the method is comparable in performance to the widely-used Thwaites method (29) . In particular the zero pressure gradient and stagnation point solutions are identical to Thwaites and separation occurs at m = 0⋅09. For H > 4 an additional term 1⋅2U H m/θ is added to Equation (A.1). The action of this is mainly cosmetic, ensuring that strong separation regions have a strong local effect, flattening the pressure distribution in the dead-air region of separation bubbles. The friction term in the momentum equation follows directly from a fit to tabulated data for Thwaites method (29) It should be noted that the current method extends beyond separation, with H allowed to grow indefinitely so long as m is strongly positive, while τ w /ρ will converge to -0⋅17. Laminar reattachment is also possible if the pressure gradient parameter drops below m = 0⋅09.
A.2 LAMINAR-TURBULENT TRANSITION
A suitable transition prediction scheme for integral calculations can be found in Drela and Giles (11) . In the present notation the right hand side of Equation (4) Corrections to the model due to secondary effects are usually included via the parameter λ. Only the surface curvature effect concerns us here, with the correction factor being with R the radius of curvature (positive for convex curvature) and β = 7 for positive R and β = 4⋅5 for negative R. The model was validated by Green et al against the 1968 Stanford conference data with results agreeing at least as well as the best differential methods tested at the time of that conference.
